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Resumen

En este articulo, derivamos en primer lugar una aproximacion para la funcion generadora de momentos de los
rendimientos acumulados generados por el modelo GARCH propuesto por Heston y Nandi (2000). Los cumulantes
analiticos obtenidos son consistentes con los reportados en Mazzoni (2010), y los resultados numéricos confirman la
calidad de la aproximacion. En segundo lugar, proponemos una calibracion que vincula los parametros del modelo de
Heston—Nandi con los del modelo GARCH asimétrico (AGARCH). Aunque reconocemos que se trata de modelos
distintos, encontramos que la varianza y la asimetria presentan comportamientos similares.

Abstract

In this paper we first derive an approximation of the moment generating function of the cumulative returns generated
by the GARCH model proposed by Heston and Nandi (2000). Analytical cumulants align those presented in Mazzoni
(2010), and numerical results support the quality of the approximation. Second, we provide a calibration that relates
the parameters of the Heston—Nandi model with those of the Asymmetric GARCH (AGARCH) model. Although we
acknowledge that both models are different, we find that variance and skewness behave similarly.

* The views expressed herein are those of the authors and do not necessarily represent the views of the Central Bank of Chile or its Board
members, and should not be attributed to the International Monetary Fund (IMF), its Executive Board, or the IMF Management.



1 Introduction

Heston and Nandi (2000) propose a “GARCH version” of the continuous-time model in-
troduced by Heston (1993). The latter is a popular stochastic volatility model among
quantitative finance practitioners, and it can be easily calibrated with information from
option prices (Gatheral, 2006; Rouah, 2013). A key feature of the Heston—Nandi (HN)
model is that the Moment Generating Function (MGF) can be obtained in closed-form,
after solving a recursion. Mazzoni (2010) proposes an approximation that avoids that re-
cursion, providing a closed-form expression for the logarithm of the MGF (log-MGF) of
the total returns (X7). He then obtains analytical cumulants for X; by computing the
derivatives of the log-MGF'.

In this note, we provide a closed-form expression for the log-MGF of the HN model based
on a second-order expansion in one key parameter of the model («), obtaining a polynomial
log-MGF. Moments obtained from our approximation are explicit in the expression and also
consistent with the ones reported in Mazzoni (2010). We conduct targeted Monte Carlo
simulations to validate the quality of this approximation, concluding that it is accurate
enough to replicate Mazzoni’s results. Finally, we explore the relationship between the HN
model and the Asymmetric GARCH (AGARCH) model introduced by Engle (1990) and
Engle and Ng (1993). We propose a parameter calibration of the HN model that matches
the first three moments of the AGARCH one, but is not able to replicate the kurtosis.

The article is organized as follows. Section 2 provides a brief description of the Heston—
Nandi and AGARCH models, and the main theoretical results. Section 3 presents Monte

Carlo simulations, and Section 4 concludes.



2 Technical Section

In this section we describe the Heston—Nandi (HN) model and its properties, and provide
an approximation for the logarithm of Moment Generating Function for cumulative returns.

We conclude this section discussing the Asymmetric GARCH (AGARCH) model, which

exhibits several features in common with the HN model.

2.1 Basics of HN model

The HN model states that the log-return (r;) of the asset is equal to a constant (§) plus
a premium —proportional to the conditional variance (h;)— and an error term that is
heteroskedastic, as it is described by equation (1), where wu; is a standard Gaussian error
term. The conditional variance is also time-variant, and its dynamic is determined by

equation (2).!

re = 0+ Ay + \/h_tuta (1)
2
hiy1 = w+a (Ut - ’Y\/h_t> + Bhy. (2)

Note that the model defined by equations (1) and (2) belongs to the GARCH family
because it has a time-variant variance which is updated with past error terms (Engle,
1982). Moreover, for non-zero A, the model features an in-mean component, which was
introduced into GARCH model by Engle (1990) and Engle and Ng (1993) to capture the

risk-premium, empirically observed in financial assets.?

! Parameters are constrained as follows 8 > 0, w +a > 0, and ay? + 8 < 1.
2The model can represent both the physical and the risk-neutral measures, with the latter being used
to price options.



Cumulative total returns, between ¢ = 0 and ¢t = 7', can be obtained by iterating (1):

T—1 T—1 T—1
Xr = Z Tep1 = 01 + A Z hipr + Z V 1ty (3)
=0 =0 =0

The distribution of Xr is unknown for 7" > 1; however, Heston and Nandi (2000) show
that the moment generating function of the terminal price (S7) could be expressed as

M(p) = Ei(S¥) = S} exp (A + hi1By), where:

1
At = At—l—l + QOCS + WBt+1 — 5 10g(]_ — QOéBt+1), (4)

v? 0.5(p —7)?

Bt:¢(7+)\)—?+53t+1+1_2aBt+1a (5)

In the above expression, S; represents the current price, and A7 = By = 0 are the terminal

conditions.

2.2 Time-variant variances

We note that (2) can alternatively be expressed as hyy1 = (w + a) + (ay? + B)h + «ey,
where e, = (u? — 1) — 2yus/h; is a zero-mean error term. Thus, we can write (2) as:
hiy1 = hoo + (hy — hoo)p + ey, where p = ay? + B is the persistence of the conditional
variance and ho, = (w4 «)/(1 — p) is the long-run variance, and for future references we
consider its square root which is the long-run-volatility (LRV).?

Expressing the dynamic of conditional variance in this way resembles a stochastic volatil-
ity (SV) model. To analyze this, we assume, for simplicity, that u? ~ 1, and n = —2a~y

which implies the following expression hyy; = hoo + (ht — hoo)p + nV/hiuy, providing a

3The covariance between h;yq and returns is Covy_1(hy1,7¢) = —2avhy, thus the correlation between
returns and h;y;’s depends on the sign of . Also, the volatility of hyyq is Voli_1(hit1) = /2 + 492hsa.



convenience expression for an SV model in discrete-time.*

We note that when = 0, conditional variances are time-variant yet deterministic.
Building on this result and taking h; as a given initial variance, the conditional variance
can then be solved recursively as: h; 1 = he + (h1 — heo)p'; therefore, the average of

(deterministic) variances, between t = 0 and ¢t = T, is:

T-1
- 1 (hl — hoo) 1-— pT
h=— hiv1 = hoo . 6
P s =t g (0 )
Under this case (n = 0), total returns are normally distributed with variance hT due to
the fact that time-variant variances are deterministic and uncorrelated with returns.
The previous result is no longer valid under general cases (i.e. 7 > 0); however, for small
n, X can be approximated by a normal distribution with mean (§ + Ah)T and variance

(h+9h)T + O(n?), where ¥ = 2X\n/(1 — p);° see Appendix B:

T—1
. 1
ho= ) [1- p T [hoo + (b1 — hoo)p'] (7)
t=0
_ hy — 2hy) (1= pT
= hew—p " Yhy —h (n > .

The term h is a weighted average of the initial and long-run variances. Also, it is the
discrete-time approximation of the integral proposed by Lewis (2000) in his volatility-of-

volatility (vol-of-vol) series expansion for the option price (Rouah, 2013).

4This reduces the variance of h; process to 4a2y2h,. A similar result is obtained for the AGARCH
model, implying that the latter also represents an SV model in discrete-time.

5Choi (2005) applied a similar approximation to the AGARCH model, concluding that the total returns
are normally distributed in that case. He also found that at-the-money options priced under this assumption
are broadly in line with simulated values.



2.3 Mazzoni’s results

We note that recursion implied by (4) and (5) is non-linear in B;. Mazzoni (2010) uses linear
approximations for the non-linear functions: (i) log(1 — 2aBy;;1) and (ii) 1/(1 — 2aB;41),

deriving the following closed-form expression for the log-MGF of Xr:

o= 2 n (222 o (2] (22}

where ¢, = ay? + § — 2ayp + ap?. Based on (8), he reports the first four cumulants (k,

Ko, K3, and k4), under the risk-neutral measure (see Appendix A).

2.4 Log-MGF approximation

We propose a simplification of Mazzoni’s (2010) result which involves using second-order
approximations of the non-linear terms of o presented in (8).% This gives us the following

fourth order polynomial log-MGF (see Appendix C):

mx(p) = (5+)\h) + 190 (h— ?Oiyiiz)T 9)

2
Y 1—p
1 4 [ 12a ~ v day - 3
— - =2 T .
576 (1_p) {h+<>\ )1_ph +0(a?)

where h = heo — pT 1 (hy — 2heo) + (hy — 3hoo)Sq /T — (hy — hoo)T7/T is a second-order

correction term, with (i) X7 = (1 — pT)/(1 — p) and (i) 'y = 0.5T7(T — 1)(1 — p)p? 2

meanwhile, h and h were defined above.

6Compared with (8) the proposed expression explicitly presents the first four moments, without taking
the derivatives of the log-MGF.



We note from (9) that cumulant x; is related to the (1/5!)¢? term. Thus, the first four

cumulants are:”

L=p gl —p

(L2« ~ 7)) davAs
M_(l—p) [h+<A >1—p }T'

An alternative parametrization of the model involves A = 0 (without Jensen term adjust-

_  dav) - - dav) -
k= (5+AR) T, @:(h— O‘Mh)T,ng:—fﬂKké)h—l“—M }T,and

ment), in which case we have the following expressions for the cumulants:

. 6ayhT 12 - dary? .
k1 =0T, ko = hT, k3 = — oy ,andm:( a) (h—|— 7 h)T.
1—p 1—p 1—p

Finally, if variances are time-variant but deterministic (o = 0) we have:
_ 1 .
mx(¢) =¢ (6 + M) T + §¢2hT+O(a). (10)

Consequently, Xt follows a normal distribution; however, if & > 0 and sufficiently small,

both k3 and k4 differ from zero, implying that Xr is not normally distributed.®

"In Appendix A we show that these cumulants are exact to the ones reported in Mazzoni (2010) when
the risk-neutral measure is considered, and they can be obtained by imposing the following constraints: (i)
d = f (the drift coefficient is the risk free rate), and (ii) A = —1/2 (Jensen term adjustment). This implies
k1= (f —0.50)T, ke = (h+0h)T, and k3 = —360(wh + 0h)T with 6 = 2ay/(1—p) and 7 = (1+0.5/7). In
contrast, the fourth cumulant is an approximation of his result given that it also depends on o?; however,
if o is small then any terms of order o or higher should be negligible, providing an accurate estimate of
the cumulant. We confirm this in Appendix A.3, where we present the replication of the Mazzoni’s (2010)
simulations.

8In practice, many confounding effects could affect the results. For instance, if in addition to small
«, the persistence is close to one, then both h and h are close to zero; in this case, k3 and k4 are small,
implying that Gaussian approximation is appropriate.



2.5 AGARCH model

A major limitation of the HN model is its absence from standard statistical software pack-

ages, which has consequently constrained the extent of available empirical evidence. A

relatively similar model is the Asymmetric GARCH (AGARCH), which is defined by the

following equations:”

e = 6*+\/E”ta (11)

2
hiyi = we+ o (\/h_tvt - %) + Bl (12)

where v; is a standard Gaussian error term, and parameter restrictions are: a, > 0, 8, > 0,
a, + B, < 1, and w, + a,y? > 0. Furthermore, the persistence of h; is defined as follows
px = @y + B, meanwhile the long-run variance is he = (wi + a,y?) /(1 — p,). 10

Our aim is to match the conditional variance sequence of the HN model (A = 0) with
the one inferred from the AGARCH model. We first note that (vhvy — 7.)? = 72[1 —
(1/7.)vVhevy]?, which is equal to v2[1 — 2(1/7.)vhve + (1/7.)2hv?], but can be expanded
as follows v2[v2 — 2(1 /%) vV hevs + (1/7:)*he — (v2 — 1) + (1/7.)%hs(v? — 1)]. We assume that
vZ ~ 1, implying that the last two terms in the previous expression are null.

Thus, our proposal is to consider (v/h;v; —74)? = 72[v; — (1/7.)v/he]?, which implies the
following relationships between the parameters of HN and AGARCH models: (i) w = w,
(i) a = a2, (iii) v = 1 /7, and (iv) 8 = B,.1

9Engle (1990) introduced it as a part of commentary and later was included in a list of ARCH/GARCH

models (Engle and Ng, 1993).

0The covariance between returns and variances is Covy_1(h¢t1,7:) = —2a.7.he, and the volatility of
the variance is Vol;_1(hi11) = \/2h? + 4v2hau,.

1Tt is straightforward to confirm that this calibration ensures that both models preserve the same
persistence, long-run variance, and covariance between variances and returns; however, as we discuss before,
the assumption v? ~ 1 reduces the variance of h;.




3 Monte Carlo Experiments

In this section, we evaluate the approximations presented above. First, we discuss the
parameters of both HN and AGARCH models, to define relevant scenarios. Second, in line
with Mazzoni (2010), we evaluate the accuracy of the closed-form cumulants for the HN

model and extend the analysis to the AGARCH case, using the calibration outlined above.

3.1 Parameter calibration

A number of related studies provide empirical estimates of the HN model. First, the results
in Christoffersen et al. (2006) and Christoffersen et al. (2013) are based on 13 and 21 years
of daily S&P 500 returns, respectively. These are: 3.7¢ —6 and 3.4e — 6 for «, 0.90 and 0.84
for 8, and 96% and 97% for p = ay* + 3. Thus, most of the persistence component (p)
is explained by 3. Second, Mazzoni (2010) reports results for three stock market indices:
S&P 500, Dow Jones, and DAX, using 20 years of daily data. Estimates for w, «, and -~y
are aligned with the level of the long-run volatility. For instance, results for o are 3.4e — 6,
3.6e —6, and 5.3e — 6, respectively for each market. Estimates for £ are 0.85, 0.85, and 0.88;
meanwhile, overall persistence estimates are around 97%. Finally, Mozumder et al. (2024)
propose an alternative estimate of the HN model by considering the S&P 500 options’
volatility smile in years 2016, 2017, and 2018. Estimates for a are 1.5e — 7, 3.16e — 7, and
9.97e — 7, while estimates for g are 0.98, 0.94, and 0.92; and the persistence coefficient
estimates are 99.8%, 98.9% and 98%.

Drawing on the empirical findings we discuss above, and imposing 6§ = A = 0, we
consider two scenarios to simulate the HN model: (i) Low-LRV with w = 1le—8, o« = 3.6e—6,

f = 0.85, and v = 188, which implies p = 0.977 and an annual (252 days) LRV of 20%,



and (ii) High-LRV with w = 2e — 7, a = 3.6e — 6, = 0.85, and v = 200, which implies
p =0.994 and an annual LRV of 40%.

Furthermore, Table 1 summarizes estimates of the AGARCH model for US stock indices,
based on V-Lab website.!? The less risky ones (S&P 500 and Dow-Jones) display negative
estimates for w,, however, the average estimate across the stock indices is 0.003, while all
other parameters are similar across indices: «a, around 10%, S, around 88%, and , around
60%. Given that the parameter estimates are obtained from returns expressed in percentage
terms (i.e. multiplied by 100), w, should be divided by 10,000 and ~, should be divided by
100. Then, our calibration for the HN model is: w = 3e — 7, a = 0.1 x 0.006> = 3.6e — 6,
g = 0.88, v = 1/0.006 ~ 166.67. The resulting calibration is broadly aligned with the
empirical evidence discussed earlier, lending support to the strategy of calibrating the HN

model parameters using the estimates obtained from the AGARCH specification.

Table 1: AGARCH estimates for US Stock Indices

S&P 500 | Dow Jones | Nasdaq | S&P MidCap | S&P SmallCap | Russell 2000
W -0.0053 -0.0059 0.0141 0.0015 0.0077 0.0062
(0.0037) (0.0017) | (0.0021) (0.0015) (0.0013) (0.0011)
Ol 0.1028 0.0957 0.1018 0.0948 0.0935 0.0995
(0.0036) (0.0023) | (0.0021) (0.0019) (0.0018) (0.0018)
Bx 0.8684 0.8724 0.8768 0.8792 0.8851 0.8842
(0.0038) (0.0025) | (0.0022) (0.0021) (0.0019) (0.0019)
Y 0.6306 0.6536 0.5430 0.6224 0.5568 0.5091
(0.0377) (0.0180) | (0.0243) (0.0150) (0.0133) (0.0122)
P 0.9712 0.9681 0.9786 0.9740 0.9786 0.9837
hoo 1.2354 1.0966 2.0615 1.4701 1.7144 1.9625
LRV 17.6 16.6 22.8 19.2 20.8 22.2

This table reports estimates from the AGARCH model outlined in Section 2.5. Standard errors are
in parentheses. The sample period extends from Jan. 2, 1990 to Feb. 13, 2026. Source: V-Lab.

12V_Lab (Volatility Laboratory) is a hub of researchers and data scientists associated with NYU Stern. In
the website: https://vlab.stern.nyu.edu/, several tools are freely available, including estimates of GARCH
models for many financial assets.



3.2 Moments Accuracy

Figure 1 shows the analytical moments and Monte Carlo simulations using the parameters
of the HN model for the first scenario (Low-LRV), and two alternative initial variances. In
line with the results presented in Mazzoni (2010), the precision of the analytical moments
is very high; regardless of the initial variance. However, the analytical expression for
the kurtosis falls towards the lower end of the simulated range. This is an anticipated
result, since the linearization of the recursion relies on the assumption that « is small.
Figure 2 expands the previous results to the second scenario (High-LRV), when the LRV is
significantly higher. Results are consistent with the previous case. In light of this evidence,
we confirm that our analytical expressions can be used to compute moments associated
to cumulative returns generated by a HN model. This aligns with Mazzoni’s (2010) main
results, although we used a slightly different approach to obtain analytical expressions for
the first four cumulants.

Figure 3 reports simulated returns from the AGARCH model and contrasts them with
the analytical moments of the HN model obtained under our calibration. The findings
demonstrate alignment in variance and skewness, although this does not extend to the
kurtosis. As discussed in the preceding section, the models differ with respect to the
volatility of the conditional variance. Consequently, discrepancies in kurtosis are expected.
Furthermore, our parameter calibration is based on the assumption v? ~ 1, which implies a
reduction in the variance of h;. This reduction mainly influences the kurtosis, while leaving
the persistence, long-run variance, and covariance between variances and returns consistent

with the empirical calibration.!?

13The discrepancy in the kurtosis prevents the use of parameter calibration for tail-indicators (e.g., Value
at Risk); however, a complete assessment of that is beyond the scope of this paper.

10



4 Conclusion

Mazzoni(2010) shows that by linearizing the recursion system of the Heston—Nandi model,
one obtains a closed-form expression for the log-MGF of cumulative returns (total returns).
We further extend this result by approximating the expression with a fourth order poly-
nomial which directly relates the cumulants or moments of total returns. Based on that,
we provide analytic expressions for the first four moments and confirm their accuracy with
Monte Carlo simulations. Our analytical expressions combine different averages of the ini-
tial and long-run variances (h and h), being consistent with the literature related to the
vol-of-vol expansion of the Heston’s (1993) model.

We show that the first three moments of the AGARCH model can be approximated
using the same expressions obtained under a simple calibration. We acknowledge that the
analytical expression for kurtosis performs less accurately, consistent with the substantial
differences in the volatility of variance across the two models. Nevertheless, there remains
clear value in using analytical expressions for targeted applications, including the pricing of
at-the-money and risk-reversal contracts. We leave the implementation of these applications

to future research.

11



Figure 1: Heston Nandi model moments based on scenario Low-LRV
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The figure presents the moments (variance, skewness, and kurtosis) implied by the Heston—Nandi model
calibrated using the parameter set for scenario Low-LRV presented in Section 3.1. The solid red line
corresponds to the Heston—Nandi analytical cumulants introduced in Section 2.4. The dashed blue lines
represent the 5th, 50th, and 95th empirical quantiles obtained from a Monte Carlo (MC) simulation
exercise. These quantiles are derived from an MC simulation that generates 1,000,000 log-return paths from
the Heston—Nandi model and groups them into 100 equally sized blocks to compute empirical moments.
Panel (a) assumes h; = ho, whereas Panel (b) assumes h; = 2h,. Source: Authors’ calculations.
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Figure 2: Heston Nandi model moments based on scenario High-LRV
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The figure presents the moments (variance, skewness, and kurtosis) implied by the Heston—Nandi model
calibrated using the parameter set for scenario High-LRV presented in Section 3.1. The solid red line
corresponds to the Heston—Nandi analytical cumulants introduced in Section 2.4. The dashed blue lines
represent the 5th, 50th, and 95th empirical quantiles obtained from a Monte Carlo (MC) simulation
exercise. These quantiles are derived from an MC simulation that generates 1,000,000 log-return paths from
the Heston—Nandi model and groups them into 100 equally sized blocks to compute empirical moments.
Panel (a) assumes h; = ho, whereas Panel (b) assumes h; = 2h,. Source: Authors’ calculations.
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the AGARCH model and groups them into 100 equally sized blocks to compute
empirical moments. The solid red line represents the Heston—-Nandi analytical
cumulants introduced in Section 2.4. Source: Authors’ calculations.
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A Mazzoni’s result

Heston and Nandi (2000) provide the following recursion equations to obtain the conditional

moment generating function:

1
A=A+ 90+ wBy1 — 3 log(1 — 2aBy1), (A.1)
2 2
g 0.5(¢ — )
By = A)— — B —_— A2

and Ar = By = 0 are the terminal conditions.

Clearly, there is not a closed-form expression for the solution to the non-linear recursion;
however, Mazzoni (2010) suggests to approximate the non-linear terms in (A.1) and (A.2)
with linear functions. After that, he derives a closed-form expression for the logarithm of

the Moment Generating Function (log-MGF).

A.1 Approximation of the log-MGF

First, we consider the following approximation (1 — 2aB;y1)™' &~ 1 + 2aByy, which is
valid for small value of a. Replacing this in equation (A.2) and canceling terms, we have:
By = iy + ¢ Biv1 with p, = 0.5¢(p 4+ 2X) and ¢, = ay* +  — 2ayp + ap?.

Using terminal condition By = 0 we could solve the previous equation backward:
Br_i = My, Br_y = M@+¢¢BT—1 = Mcp(1+¢<p)7 and Bp_3 = Nw+¢<pBT—2 = M¢(1+¢w+¢i)'

Thus, for J > 1, the solution is:

Br_;(¢) = 1y (%) : (A.3)

14This section follows Mazzoni (2010).
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Second, we consider that log(1 — 2aByy1) & —2aB;,1, which is valid for small value of a.
Replacing this in equation (A.1) we have: A; = Apq + @0 + (w + @) Byyg.

Using terminal conditions A7 = 0 and By = 0, we could solve the previous equation
backward: Ap_y = @6, Ar—o = Ar_1 + @6 + (w+ @)Br_1 = 296 + (w + «)Br_1, and

Ar_3 = Ar_o+ @0 + (w+ @)Br_s = 3pd + (w + «)(Br_1 + Br_2). Thus, for J > 1, we

J-1

can express Ar_; = Jod + (w+«) 32 Br—;. Using (A.3) and solving the sum, we have

1— ¢!
)

Finally, the log-MGF of the total returns (Xr) is: mx () = Ao(¢) + h1Bo(p), where hy

the following expression for Ap_;:

_|_
Ar—;(p) = 0J + iy (w a)

is an initial given variance; meanwhile, Ay(y¢) and By(¢) are obtained by setting J =T in

- (122)]

(A.3) and (A.4), which implies the following expressions:

T
Bo(w)=u¢<1 %) andAow):soaTW(““)

Reordering these terms we could express the log-MGF as:

st (o (2255) o - (RN (=)} oo

A.2 Cumulants

Cumulants can be obtained by taking derivatives of the log-MGF. Mazzoni (2010) reports
the first four cumulants in the Appendix of his paper, under the risk-neutral measure. This

implies the following parametrization of the model: (i) § = f, where f is the risk-free rate,

17



and (ii) A = —0.5, needed for the Jensen adjustment.
Moreover, three of the cumulants could be written more compactly using both the
definition of the long-run variance, which is ho, = (w+a)/(1—p), and X7 = (1—p")/(1—p).

From his appendix, the first camulant (k;) does not depend on «, being:

h )
Ky = fT—ElETJr;(ET—T)hOO:<f—%h)T, (A.6)

where h = ho, + (h1 — hoo) X7 /T is the average of the deterministic time-variant variance.

The second cumulant (k5) is linear in «, and it is presented as:

2¢
1 —

2ay T-1
S Dy (P0) (@ -5 A

2Tap™ 1y 2avy
- Z:T )
1—p 1—p

KJQZhl

which could be written as follows:

2 2 2
Ky = hySp— (1 Y ) Srhe + <1 f”p) Tha (1 f”p) "0,

2 2 2
+( ‘”)Emlm T—h 2T+( O‘”)T“h ( O”)EThoo
1—p 1—p 1—p

> [Theo + Srhi — 287hee — Tp""hy + Tp" ' heo

2
= W T+ (hy — ho )2T+< Y

- {hoo 1 = heo) )ET} T+1 ilgm ) {hoo Ty — b 1720 zh”)zT} T.

T T

The first bracket is h, presented above. Defining h = A, —pT Yy —hoo) + (h1 —2hoo) 27 /T,

we have the following compact expression for the second cumulant:

2y

:<E+9B>T,with0:1_p
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The third cumulant, reported by the author, includes terms that are proportional to both
a and o?. Noting that if & = 0 then total returns are symmetry, which is in line with

normal distribution. We could write the cumulant using the following auxiliary terms:

20T pT 1 ~ 2a9(1 - ) 2ay

H, = = Tp™ ' —%7),
L—p (1—p)? 1—p ( )
20 8a?y? 20 ( 40472)
T (1=p2? (1=pP (1—=p2\ T 1-p
H 20T pT L +402y*T(T — 1)pT =2 8a?y2Tpt !
3 = — -

= (1= o)
Based on these terms, we could express the third cumulant as:

6a(w + a)y
(1—=p)?

3 w+ «

R3 = 3h1H1 — (T — ZT + Hl) -+ (w + OZ)(ET — T)HQ (Ag)

DO | W

{—3H1 + g [(1—p")Hs + Hj) } :

Replacing Hy, H, and Hj, and collecting terms, we have:

K3 = (16%7[) + %) [(h1 = hoo) (TP = B7) + heo(Sr — T)]

+6 (%) (h1 — hoo)T(T — 1)(1 — p)p™ 2.

Considering the term & = heo — p7 " (hy — 2hug) + (hy — 3heo)S1 /T — (hy — hoo) T /T, with

I' = 0.57(T — 1)(1 — p)pT2, and h as defined above, then ks could be expressed more
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compactly as follows:

2
Ky = —3(1+ m)%ﬁim — 12 <%> T (A.10)

1Y+ 20v:
_ S {<1+_)h+—o‘7 h}T
1—p 2y 1—p

1 ~ ~
= —30 KH——) h+0h} T
2y

Finally, the fourth cumulant is a lengthy expression that includes terms proportional to «,

a?, and o?; therefore, it will not be comparable with the expression derived in this paper.

A.3 Simulation results

As we discuss in the text, our analytical expressions for the first three cumulants are exact
with respect to the one presented by Mazzoni (2010). Our expression for the kurtosis is
quadratic in «, while the one proposed by the author is cubic. We believe that difference
should be negligible as « is assumed to be small. To evaluate this, we replicate the extreme
scenarios discussed in Mazzoni (2010), noting that our expression for the kurtosis does not

differ significantly to one presented by the author.
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Figure 4: Mazzoni (2010) comparison
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and kurtosis) implied by the Heston—Nandi model
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calibrated using the parameter in Mazzoni (2010). Panel (a) and (b) presents exhibits 3 and 6 as in Mazzoni
(2010), respectively. The solid red line represents the Heston—Nandi analytical cumulants introduced in
Mazzoni (2010). The solid green line corresponds to the Heston—Nandi analytical cumulants introduced in
Section 2.4. The dashed blue lines represent the 5th, 50th, and 95th empirical quantiles obtained from a
Monte Carlo (MC) simulation exercise. These quantiles are derived from an MC simulation that generates
1,000,000 log-return paths from the Heston—Nandi model and groups them into 100 equally sized blocks to
compute empirical moments. Source: Authors’ calculations.
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B Gaussian Approximation

In order to obtain a Gaussian approximation of X, we consider a perturbation approxi-
mation of the cumulative variances.

For instance, when 7' = 3 we have: h; as given, hy = hoo + (b1 — hoo)p + nvhiu,, and
hs = hoo + (h1 — hoo) p* + n(v/houg + pv/hiuy). Thus, the sum of A’s could be expressed as:
hi 4 hy + hy = 3heo + (h1 — heo)(1 + p + p*) + [(1 + p)vVErus + Vgus).

Noting that (14 p+p?) = (1 —p*)/(1 —p) and (1+ p) = (1 —p?)/(1 — p), we have the

following expression for this small sample case:

ghm = {hoﬁ (s _?)hoo) (11 . >] 3+nz< > Vi, (B

A generalization of the previous sum for a given sample size of T is:

The first bracket above is h, as defined before; meanwhile, the second term is stochastic

and can be approximated by considering that \/h; 1 ~ \/ Poo heo)pt, which is valid

if n is small. Thus, total returns could be expressed as:

T—-1 T-1
Xr = 6T+AY hea+ Y Ve (B.3)
t=0 t=0

Q

- -1 1— pT-1-t
t=0

Given that the last sum is an average of Gaussian disturbances, then the distribution of
Xr is approximately Gaussian when 7 is small.

22



The variance of X could be obtained by replacing the Gaussian disturbances with a

one disturbance with a proper variance, which is obtained as follows:

N

Var(XT) =
—p

pr=1-

LI

~ [1 + An ( o )r [hoo + (h1 = hoo)p'] (B.4)
|

1+2)\7)(

T—

T+-— Z pT07 [hoo + (1 — hoo)p!] + O().

t=0

= —p )} [hoo + (1 = hoo)p] + O(r)

I
>

where O(n?) stands for term of order n? or higher.

Following the discussion presented in the main text, we consider the following terms:

T-1
- 1
he= =3 [1= "7 [hoo + (h1 = hoo)p'] (B.5)
t=0
_ hi —2hs) (1= pT
= Do — P77 (M1 — hoo W >
P (1 )+ T 1_p )

and ¥ = 2\n/(1 — p). Based on that we have Var(Xy) = (h + 9h)T, which support that

Xr can be approximated with a Gaussian distribution when 7 is small.
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C Log-MGF Second-order Approximation

Let p = ay?® + 8 be the persistence of the conditional variance in equation (2), therefore
we could write ¢, = p + (¢* — 2yp)a.

Given that we will consider second order approximations of the nonlinear expressions
that are functions of ¢, = ¢, ().

First, for the expression 1/(1 — ¢,) we have:

1 1 1 1

_ (ﬁ) (1 + o0+ ¥20?) + O(a?),

where 1, = (¢* — 279)/(1 — p).

Based on this result we have the following approximations:

w+a

e heo + hoothypr + host20” + O(a?), and (C.2)
— Pp
(hl - ;J +¢a ) - (hl - hoo) - hood)soa - hoo?zb?poz2 + O(O‘?))' (0'3)
— Pp

Second, considering ¥r = (1 — p")/(1 — p), then for (1 — ¢L)/(1 — ¢,,) we have:

1-¢; A=)+ Tp" =Tp" D] 5 g
o Yr+ { e } (v" — 27¢p) (C.4)
+ {zT Y %T(T 1)1 - p)pT_Q} G (I 37;0)2 Y L O(a?),(C.5)

24



which implies the following approximation:

where I'r = 0.5T(T — 1)(1 — p)p? 2.
Using equations (C.2), (C.3), and (C.6) we could obtain the second-order approximation

of the log-MGF'. In particular, we have:

1— T
(hl o fj;;) (1 - zi) = (h1 = hoo) X7 + Mirthpa + A2T¢ia2 + O(ag)’

where Air = (h1 — hoo) (27 — Tp" ™) = hooZr = (h1 — 2hee) B — (h1 — hoo)Tp" ™ and
Nor = (hy — hoo) (B = TpT ™1 —=Tp) — hoo (X — Tp? 1) — hoo 2.

Also, we note that T'(w 4 a)/(1 = ¢,) = Theo + Thetpo + ThoibZa®, implying that:
mx () = 90T + p1y[Thee + (h1 — hoo) 51 + (The + M)+ (Theo + Aar)ip2a?] + O(a?),

which could be written as follows:

_ 2_9 N 2_9 2

P (u) o4 (u) o2
1—p 1—p

where h is the average variance: h = ho+(h1—hso )7 /T, and h is the first-order correction

o(p +2X)

mx () = @61+ T+0(c%), (C.7)

term: A = hoo — pTH(hy — hoo) + (h1 — 2hse)Sr /T, and h is the second-order correction
term: h = hog — p7 " (hy — 2heo) + (h1 — 3hoo) X7 /T — (hy — hoo)Tp/T.

These terms (h, h, and ﬁ) combine the initial variance (h;) with the long-run one
(heo). For example, if hy = ho, (initial variance is at the long-run level), then we have the
following: h = heg, b = heo(1 — X7 /T), and h = hoo[1 + pT~1 — 257 /T)]. Mazzoni (2010)
presents an interesting case in which the initial variance is large (h; = 2hs,). This leads to
h=hos(14+S7/T), h = hoo(1 — p71), and h = hoo[l — /T — 0.5(T — 1)(1 — p)p™ 2.
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Moreover, the persistence parameter (p) also plays a role in these terms. For instance,
if p is close to zero (low-degree of persistence) then p? — 0 and X7 — (1 — p)~!. This
implies that o — hog + (1 — p) " Y(hy — hoo) /T, h — heo + (1 — p) "' (h1 — 2hso)/T, and
h = heo+(1—p)1(hy —3hso)/T. In contrast, if p is close to one (high-degree of persistence
as in the Integrated-GARCH) then Y7 — T, implying that h — hy, h — 0, and h — 0.
Notably, in this case, X7 could be approximated using a normal distribution.

Cumulants can be obtained from (C.7) by reordering terms in powers of ¢. For the first

four ones the log-MGF can be expressed as follows:

ma(@) = @ (3 + AT + 1 [ﬁ_ (‘1*“_72) B]T ()

W () G- (2]
i (125) [ G2 (G20 o

From previous equation, we have the following expressions for the first four cumulants:

_ 4o -
ko= (04 N)T, by = (h— 2R T,
L=p

K3 = —M {(1 — é) h — Tajiﬁl T, and

m:m—a{ﬁ—(z—;)%ﬁ}f
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