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Abstract

Dynamic general equilibrium models and their deep parameters may, for various reasons, fea-
ture lack of identification or other deficiencies related to the objective function (such as the like-
lihood or a distance function) used in their estimation or empirical validation. These deficiencies
can be often an inherent property of a particular model structure, independent of observed data,
and modellers should be aware of them (and their implications) when designing the experiment.
Routinely performing, checking, and reporting several basic diagnostics of the objective function,
such as its surface and Hessian, prior to any estimation procedure or empirical validation has been
suggested by Canova and Sala (2006). We illustrate this modelling strategy by examining local
identification of a simple DGE model in a full information likelihood based framework focus-
ing mainly on the Fisher information matrix, and provide some computational details for a class
of state-space representations with multiple unit roots. These can be seen as a convenient and
practical modelling device, especially for analysing multi-sector models.

1 INTRODUCTION AND CONCLUSIONS

Suprisingly little attention has been paid thus far
in the applied dynamic general equilibrium mod-
elling literature to the issue of the identifiability
of deep structural parameters as an inherent fea-
ture of a given model structure' independent of
particular sample data observed. Only recently
Canova and Sala (2006) suggested in their—
potentially—pathbreaking paper that a proper in-
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vestigation of various aspects of the objective
function that underlies the subsequent estimation
step (typically distance or likelihood functions)
should precede any analysis based on real data.
This is because such an exercise can, a priori, de-
tect some of identification problems (such as un-
deridentification or weak identification) embed-
ded in a particular model structure itself, help
to distinguish them from problems arising be-
cause of some particular properties of observed

"Including the desired identification scheme, such as the choice of observables or suitable reparameterizations.



data, and lead ultimately to the most appropri-
ate choice of the experiment design. This claim
is certainly valid in both classical and Bayesian
econometrics across virtually all limited and full
information methods.

Canova and Sala illustrate their points within
a framework of a limited information method
based on minimising the distance between
an econometrically estimated impulse response
function and its model-implied counterpart. For
a simple forward-looking model with a relatively
small number of deep parameters they inspect
various aspects of the curvature of their objective
function. They detect its potential deficiencies
and, therefore, lack of identification prior to esti-
mating the model, and infer basic implications.

We perform a similar analysis in a full in-
formation likelihood based framework examin-
ing the Rothenberg (1971) local identifiability of
a simple multi-sector DGE model. To this end,
we focus mainly on the properties of the Fisher,
or expected, information matrix, which provides
an upper limit for information that can be ob-
tained from observed data for inferences about
a model’s parameters. In this context, we suggest
the following steps:

(i) Formal tests of the rank of the informa-
tion matrix. These tests are, in general,
helpful for detecting rank deficiencies but
obviously cannot identify properly their
sources.

Examination of various subblocks of the
information matrix. This procedure may,
in practice, well correspond to fixing cer-
tain parameters, or to simplifying the model
structure? and provide basic information on
the potential sources of identification prob-
lems;

(ii)

(iii) Eyeball checks of the behaviour of the ex-
pected likelihood function in a neighbour-
hood of a given point in the parameter space
by plotting its surface along two or three

(contour plot) dimensions at a time.

(iv) Implications of different choices of observ-
ables (i.e. the composition of the vector of
observables), constrained e.g. by the ob-
servability condition.

(v) Examination of various sample lengths.
Such exercises are often used to a priori
determine an appropriate sample size for
achieving a desired level of accuracy in the
experiment design in various fields, as e.g.
in Dharan (1985);

(vi) Implications of different choices of struc-
tural innovations and/or measurement in-
novations introduced into the model, again
constrained again e.g. by the stochastic

non-singularity condition.

It is clear from Sections 2 and 3 that these
diagnostics are computationally easy and cheap,
at least relative to subsequent estimation proce-
dures, and have the power to provide extra insight
into the properties and, more importantly, general
limitations of a model. It seems therefore nat-
ural that such diagnostics should be performed,
checked and report ed routinely, and could be-
come best practice in applied modelling.

As part of our exposition we describe the
computation of Fisher information matrices for
a class of state space representations that fea-
ture an unlimited number of unit roots. We show
that this class is especially convenient for multi-
sector DGE models characterised by a number
of stochastic trends driving the economy in the
long run, and hence by different rates of growth
for different variables, or sectors, along a bal-
anced growth path. We claim that these mod-
els, when properly treated, need not be station-
arised and their first-order accurate policy func-
tions may retain multiple unit roots. This can,
in certain cases, considerably simplify the model
analysis, estimation or empirical validation, and
the mapping between model variables and their
observed counterparts.

The paper is organised as follows. We review
the design and estimation of the Fisher informa-

2Such as setting elastiticities of substitution to one corresponds to replacing general CES functions with their Cobb-

Douglas counterparts.



tion matrix in Section 2, and address some com-
putational related to a class of state-space rep-
resentations suitable for multi-sector DGE mod-
els in Section 3. The theory and basic diagnostic
chechks are applied to a simple DGE model in
Section 4. Two appendices provide more techni-
cal details: In Appendix A we outline the model
used in Section 4; in Appendix B we construct
a quasi-triangular state-space representation for
DGE models with mutliple unit roots.

2 THE FISHER INFORMATION MATRIX

In this section we review the design of, and
propose a simple estimation procedure for, the
Fisher information matrix for Gaussian state-
space models in the time domain, and discuss
several issues related to the computational effi-
ciency, and to the presence of unit roots.

The Fisher information matrix (FIM) pro-
vides by the virtue of the Cramér-Rao inequality
an upper limit for the amount of information that
is potentially available from observed data for in-
ferences about parameters. It is usually defined
as the sampling variance-covariance of the score
vector of the log-likelihood function,’ i.e.

7(6,T) =Eypo [s(Y|6) -5(¥|0)] =
810g;f(Y|9)'910g§f(Y|9)}
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which is evaluated at the true parameter vector,
0, by integrating over all possible realizations of
the sample Y of a given length 7. Furthermore,
as we restrict ourselves to Gaussian models for
which the usual regularity conditions hold,* the
information matrix equality applies, and the FIM
can be therefore computed as the sampling ex-
pectation of minus the Hessian,

J(60,T) = —Eyjg #(Y|6) =
9> log Z(Y|0)
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Consequently, our computation and estimation of
the FIM is based on simple Monte Carlo integra-
tion the design of which follows here from the
law of large numbers and the law of iterated ex-
pectations,

lﬂ&nzﬁxﬁ—a%ww%

where Y, i=1,... ,N is the i-th random sample
of a length T drawn from the joint distribution of
observables given by the model for a particular
parameterization 6, and —E J#(Y'|0) is the ex-
pectation of minus the correspoding sample Hes-
sian,” which is also called the sample information
matrix. The computation of the expected Hes-
sian, and hence of the FIM estimate, is described
in more detail in Section 3; we now turn to the
formal testing of the estimated FIM and its rank.
Formal tests can be employed as an efficient way
to detect potential deficiencies of the FIM and its
subblocks, as suggested in the introduction.

There have been developed a number of for-
mal tests of the rank of stochastic matrices,
such as Anderson (1951), Cragg and Donald
(1996), Cragg and Donald (1997), or Ratsimalah-
elo (2002). Many of these tests have been gener-
alised by Kleibergen and Paap (2006) in a statis-
tic based on the singular value decomposition.
However, their test statistic 1k, is derived under
the assumption that the examined matrix is un-
restricted. More specifically, the matrix estima-
tor is assumed have the following limiting be-
haviour:

VN|[70,T)—.7(0,T)| -& 7 (0,%),

which is not true in the present context, as the
symmetry of the information matrix (or Hessians
in general) imposes restrictions on the asymp-
totic covariance matrix, £. As a consequence,
the test is, strictly speaking, inapt for informa-
tion matrices or Hessians; however, the effect of
symmetry on the limiting distribution of the test

3The sampling expectation of the score vector is obviously zero.
4See econometrics textbooks for the regularity conditions, e.g. Green (2003), Definition 17.3.
SEvaluating the expected Hessian is more efficient than the Hessian itself in the class of Gaussian models considered here.

This shortcoming is present in other tests, too.



statistic has not been analyzed yet in the litera-
ture, and we stick to the use of the test despite
this reservation. ©

The null of the test is that the rank of ann x n
matrix is ¢ < n, or that the g smallest singular
values are indistinguishable from zero. The rk,
statistic converges under the null to a y? distri-
bution with (n — ¢)? degrees of freedom,

kg - x%ﬂ*q)z’

and is constructed as follows. We first perform
the singluar values decomposition of the esti-
mated FIM, .#(0,T) =U-A-V', so that U - U’ =
I,, V-V’ =1,, and A contains singular values on
the main diagonal and zeros elsewhere, and parti-
tion these conformably with the number of tested
singular values, U = [U;, U], V' = [V/, V]], and
S = diag[A1,A;], with U and V, being both
n x g, and Ay being g X g. Then

rtky=N-2, Q ',
where

Ay = vecAs,
Q= oU))Z(V,oU).
Finally, the asymptotic covariance matrix of the

estimator, X, can be replaced with its consistent
estimate which is

Y= % Y, {—E%(Y"w) - f(O,T)]z.

3 COMPUTATIONAL ISSUES

We now describe the computation of the FIM’
for the following class of time-invariant Gaussian
state-space models:

yi=2(0)u+6(0)u +H(O)¢,
0, =T(0)y_1+k(0)+R(0)s,

(1a)
(1b)

where3

(i) y:, 04, and u, are vectors of observables,
state variables, and regressors, respectively;

(ii)

the state vector, oy, is a rotation of the
underlying vector of predetermined model
variables, o = Ux/;

(iii)
(iv)

the vector of regressors, 1, is deterministic;

the structural innovations are Gaussian,
& ~ N(0,Q), with Q diagonal,

the effect of innovations on the measure-
ment equation, H &, is uncorrelated the ef-
fect on the transition equation, Rég, i.e.
HR' =0.

()

(vi) the transition matrix, 7, is real and quasi-
triangular (in thatithas 1 x 1 or 2 x 2 blocks
along the main diagonal, and zeros below)
and its eigenvalues lie inside and/or on the
unit circle; in particular, we assume that T

takes the following form:
|1 T
r= [0 TJ !
where [ is an n X n identity matrix with n
being the number of stochastic trends driv-
ing the model, and 7> is obviously quasi-

triangular, too, with eigenvalues within the
unit circle only.

As a consequence of assumption (vi) we split the
state vector into an upper, non-stationary, part
and a lower, stationary, one,

Ay
“= ]

The particular representation (la)-(1b) with
assumptions (i)—(vi) is by no means restrictive
in terms of some underlying DGE model: there
are infinitely many state-space representations of
a particular first-order accurate policy function

(distinguished by the rotations of the vector of
predetermined variables), and we choose the one

"The algorithms described here have been implemented in the IRIS Toolbox, an economic modelling package for Matlab
developed by the authors of this paper, and available from www.iris-toolbox.com. The codes for the application found in
Section 4 are available upon request from the corresponding author.

8For notational convenience we drop the obvious dependence on 6 of system matrices, Z, 8, H, T, k, and R, henceforth.



with the matrix T featuring the desired proper-
ties. Furthermore, we allow for any number of
unit root processes to drive the dynamics of the
model, without the necessity of non-stationary
variables being stationarised by suitable transfor-
mations (e.g. scaling by underlying technology
processes). Appendix B describes the derivation
of the representation (la)-(1b) in models with
multiple stochastic trends (multi-sector models).

There are at least two major advantages of
the above representation over any other one (ex-
pecially over the one where the state vector is
identical with the vector of predetermined vari-
ables). First, we decouple all unit root processes
so that they are represented by the first n elements
of oy, and share an empty cointegrating space;
the latter feature is extremely convenient when
dealing with the initial condition for the upper
(non-stationary) part of ¢ in the Kalman filter.
Second, the quasi-triangularity of 7, permits us
to compute the unconditional covariance matrix
of the lower (stationary) part of ¢ efficiently by
successively solving the individual rows of the
underlying Lyapunov equation.

Next, the explicit inclusion of a deterministic
vector i, in the state-space representation is mo-
tivated by the option of concentrating out of the
transition equation some of the structural param-
eters (typically those determining the long run
non-stochastic growth characteristics, such as the
growth rates, inflation rates, or interest rates) and
including them into the matrix §. Parameters in
0 can be then concentrated out of the ordinary
likelihood function, and their maximum likeli-
hood estimate turns out to be a linear function
of observables given all other parameters in 6.
As this have the power to improve computational
efficiency in the estimation we assume that the
researcher explores such linearities; an example
of such an estimation strategy is given in Section
4.

To compute the log-likelihood function of
(1a)—(1b) and its derivatives on a particular sam-

9See e.g. Harvey (1989) for the derivation of both.

ple of observables, ¥ = {yi,...,yr}, we cast the
prediction error decomposition method making
use of a sequence of one-step-ahead prediction
errors, Vy, and their MSE matrices, F; (which are
products of a Kalman filter run),

Vi =Yt = Vi|i—15
F,=E(y _yt\t—l)za

where y;;_; denotes the conditional forecast (ex-
pectation) of the vector of observables based
upon time ¢ — 1 information. Since the prediction
errors are by construction uncorrelated the log-
likelihood function for a particular sample can
shown to be

T _
log.Z(Y|0) o< —1Y _ (log|F|+V/F 'vi).

More importantly, the sample score vector and
the sample information matrix can be both com-
puted using first derivatives only.” Namely, their
i-th and (i, j)-th entries, respectively, are

T
si(¥18)=—3),_,

tr(F'Fi— F'FiF v,

[ViE v +

T _
—BA(Y|0)=-1Y _ [2ViF v+
w(F, 'R F R,

where F}; = dF; /d6; and v;; = dv, /9 6;. Note that
F; and F,~! are independent of a particular real-
ization of observables, and hence can be stored
and reused for all N draws.

To perform the prediction error decompo-
sition we initialise the Kalman filter with the
unconditional mean and covariance matrix for
the lower, stationary, part of the state vector,
Eop, and E(op, — Eay ) (0 — Eoty)’, respec-
tively. These unconditonal moments are again
independent of observables, and can be stored
and reused. Next, the initial condition for the up-
per, non-stationary, part of the state vector is in
our experiment design treated as unknown fixed

10This assumption is to reduce the risk of stochastic singularity (in that the forecast MSE might result into zero for some of
the non-stationary elements of the state vector at the initial time # = 1) for some model setups.

T Also reproduced in Harvey (1989).



quantities that are to be estimated. More specif-
ically, we define the initial condition to be the
value of the state vector at the last pre-sample
time, r = 0,10 and use an algorithm due to Rosen-
berg (1973).!! Fixed initial conditions, o, are
treated as extra parameters, and estimated by
maximising the likelihood function. However,
for any given 0, these initial conditions can be
again concentrated out of the ordinary likelihood
function and made a linear function of observ-
ables. Conditions under which g is identified
are discussed in Appendix B. They, in general,
relate to the observability of the system.

4 APPLICATION TO A SIMPLE
MULTI-SECTOR MODEL

The model examined in this section is meant
to describe the basic medium-term determina-
tion of consumer inflation in a small open econ-
omy that features (i) a permanent trend in the
relative price of tradeables and non-tradeables,
(i1) permanent shocks to the terms of trade, and
(iii) an export production sector relatively dis-
connected from domestic consumption. Exam-
ples of such economies may include commodity
exporters, or industralised countries specialised
in agricultural exports.

The economy is driven by five (uncointe-
grated) stochastic trends: a production process in
the export sector, a technology processes in the
non-tradeable sector, the terms of trade, a domes-
tic monetary (or nominal) trend, and a foreign
monetary (or nominal) trend.

[To be continued.]

5 CONCLUSIONS

[To be continued.]
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A THE MODEL

A small open economy consists of three sec-
tors: domestic producers of non-tradeables, im-
porters of tradeables, and producers of export
goods. There is no domestic consumption of

export goods nor there is domestic production
of tradeables [a similar structure was examined
e.g. by De Gregorio and Wolf (1994) in the
context of the analysis of the terms of trade,
productivity differentials, and real appreciation].
The exports and their foreign-currency price are
both assumed to be exogenous, affecting thus
the domestic consumption cycle only through the
income effect in the intertemporal budget con-
straint.

There is a permanent trend in the relative
price of tradeables and non-tradeables due to
a differential between productivity growth in the
non-tradeable sector and the real growth of ex-
ports. Furthermore, we allow for permanent
shocks to drive the terms of trade. To achieve
a steady state with stable nominal expenditure
shares but permanent wedges in relative prices
and respective real quantities we need to im-
pose unit elasticity of substitution between the
two goods in domestic consumption in the long
run. However, to produce realistic responses of
the model at business-cycle frequencies we need
to reduce the short-run elasticity to considerably
lower values. This is achieved by deep habit in
the consumers’ utility function. Finally, we close
the small open economy model with a costly
banking assumption to achieve a unique distribu-
tion of wealth and consumption along a balanced
growth path.

In our notational conventions, uppercase let-
ters are usually reserved for quantities supplied
whereas lowercase ones for quantities demanded.

A.l1  Technology

The domestic tradeable and non-tradeable mar-
kets are monopolistically competitive, with
a continuum of differentiated producers existing
in each of them. The i-th non-tradeable producer
has the following labor-intensive technology to
produce the i-th variety of non-tradeable goods:

Ct, = (nji —mo)” -exp .,

where y € (0, 1], ngp > 0 is overhead labor such
that ng/n; = 1 — v in the steady state,'? and a/ is

12See e.g. Rotemberg and Woodford (1999) for the motivation of such a calibration assumption.



a sector-wide unit-root technology process, a; =
a;_, + o, + &, with & being a non-tradeable
technology (or production frontier) shifter. The
labor input, n;, is a CES index defined over the
variety of labor skills supplied by the continuum
of the representative household’s members, with
the elasticity of substitution €. Furthermore, the
wage bill needs to be paid in advance, and is
therefore financed loans, £;; = W;nj;, available
from a financial intermediary at the lending rate
it.
The price and output choice of the producer
is constrained by a downward-sloping demand
curve, which derives from the household’s op-
timization, Cj, = (p'},/F/') “c{, and by the as-
sumption of quadratic cost associated with devi-
ations of the producer’s own inflation from the
last observed aggregate rate of price changes,

En- (Alogp?, —Alogp;y — gtpn)z’

where &" is a non-tradeable cost-push shifter.
This is a modified version of the assumption first
introduced by Rotemberg (1982a) and Rotem-
berg (1982b). The modification allows for a non-
zero steady-state rate of inflation while preserv-
ing monetary super-neutrality in the long run, and
is a counterpart to the Calvo (1983) and Chris-
tiano et al. (2005) pricing used also frequently in
sticky-price models.

The i-th tradeable producer purchases import
goods, mj;, from abroad at the cost of p)™* /s,
and transform them costlessly into the i-th type
of domestic tradeables.

Ci,=mj -exp &',
where &'* is a tradeable production frontier
shifter. Again, the producer is constrained by the
demand curve, C}, = (p},/P’) ®c/, and by the
quadratic cost of price adjustments with a trade-
able cost-push shifter, £°,

2
& (Alogp}, — Alogpy | —€7)",
Import inflation follows a stationary process,

n*

Alog pi™" = ppmAIOgP;'ﬁl =+ (1 _ppm)n* +€tpm-

Finally, there is a single exporter whose pro-
duction is a unit-root proces affected by produc-
tion frontier shifters, with no input factors in-
volved,

logx, =logx,—1 + a, + &™.

The foreing-currency price of these exports is
also exogenous: for analytical convenience we
instead express, without loss of generality, the
process for the country’s terms of trade, T; =
P/

logT; =logT,_1 + €,

with a permanent terms-of-trade shifter, .

A.2  Preferences

There is a single household that consists of a con-
tinuum of memebers indexed on the interval
[0, 1]; each member is endowed with differenti-
ated labor skills. The household as a whole de-
cides on the consumption plan taking total la-
bor income and labor effort as given, whereas
the individual members choose the hours worked
and the wage rate taking consumption as given.
The household’s expected lifetime utility,

(f()letJrkd]')]H/n
1+1/n

where I; is a real consumption index defined
later, B € (0, 1) is a discount factor, ¥ > 1 is
a scale factor, and 11 > 0 is the wage elasticity of
the labor supply schedule, is maximised subject
to a budget constraint,

)

E Y. B [logmk —K-

1
d; Jr/0 (p}-tc}-t +p?16?t)dj =
1
(1 _|_i;l_1)dl,1 +/0 W,N;, dj+¥;,

where d; are deposits held with the financial in-
termediary and bearing the deposit rate, i;i, and
¥, are net cash flows collected from domestic
firms owned by the household.

The real consumption index, I3, is defined
over the consumed quantities of individual con-
sumption goods, and accounts for deep external



habit formed at the level of the total consumption
of tradeables and non-tradeables; this a modified
version of the deep habit hypothesis proposed
originally by Ravn ef al. (2006). In particular,

L= b (F — )P (e — 2 ),

where ) € [0, 1) is the importance of habit in
utility, ¢/ and ¢} are CES consumption indeces
related to tradeables and non-tradeables, respec-
tively, defined over the continue of these goods
with an elasticity of substitution &, and i and 4
are the respective habit reference levels the dy-
namics of which is linked to past consumption'
but fully externalised from the household’s opti-
mization,

hf =iy exp(o + &™),

hi = ci_yexp(o + €.

The two reference levels are exposed to a com-
mon habit shifter, efh.

Finally, the wage setting at the level of indi-
vidual members of the household is subjected to
a quadratic cost of wage adjustments (expressed
in utility equivalents) analogous to that in the

price setting:

2
gy (Alogwj, — Alogw;_y —etls> ,

Is

where &° is an aggregate labor supply shifter.

A.3  Financial Intermediation

Out financial intermediation is similar to the
costly banking sector in Edwards and Végh
(1997). Financial flows between the household
(d;) and non-tradeable producers (¢;) are interme-
diated by an agency that is risk-neutral and be-
haves competitively in both deposit and lending
markets. The agency maximises profits given by

Dy (iy — i) + Ly (if —ir) — f(Dy, Ly),

where D; and L, are deposits from the household
and loans granted to producers, respectively, and
f(Dy, L) is a strictly increasing, strictly convex

and linearly homogeneous cost function associ-
ated with intermediation. Costly banking activi-
ties have the capacity to close a small open econ-
omy model in yet another way than those sur-
veyed by Schmitt-Grohé and Uribe (2003).

The intermediary have can refinance from
the domestic interbank market (i.e. from the cen-
tral bank) or form the international financial mar-
ket; the net position of the economy is then given
by the discrepancy between deposits and loans,
D; — L;. Furthermore, the international finan-
cial market consists of a continuum of other risk-
neutral national intermediaries: hence, the un-
covered interest parity is assumed to hold in the
form,

1 —’-lf = (1 “rl;{) 'E[(S[/Sf+1) -exp Uz,

where u; is an autonomous disparity evolving as
Uy = Pyly—1 + S,f *, driven by foreign exchange

market shifters, 8,f x.

A4 The Government

The government sets the domestic interbank in-
terest rate, i;, according to an inflation forecast
targeting rule,

it:l_[+!,L'Al+£;np’

where 7; is a policy neutral level of the nominal
interest rate, 7 is a point target, i > 1 describes
the degree of responsiveness of monetary policy,
g are deviations from its systematic behaviour,
and A; is a discounted sum of deviations from the
target of consumer inflation forecasts at all hori-
zons,

A= B Y v (logTh g /Ty —7),

with a policy discount factor y € (0, 1) determin-
ing the average forecast horizon monitored by the
bank, i.e. y/(1 —y)?. The policy neutral rate is
determined by preference parameters and the in-
flation target, see subsection A.5.

13 And adjusted for the respective consumtpion growth rates so that hf = ¢} and h = ¢} in the steady state.



A.5 Balanced Growth Path

Along a balanced growth path, the nominal ex-
penditures move in constant proportions; namely
(we drop time subscripts):

-I'=p'c/o=p'd/(1-0),

e=1  TpT _ T mx /. __ . X*
S c'PE=c"p"™ [s=xp™ /s,

Wn:L:D:iHFZSE;Ip"C"

Furthermore, denoting by %, = log(x,/x;—1)
the log of the gross rate of growth, or by 7, =
log(1+ ;) the log of the gross rate of interest,
a balanced growth path is characterised as fol-
lows:

where B =log(1+ B). The last equation is con-
ditioned by the assumption that the model is pa-
rameterised so that the net position of the econ-
omy, D; — L;, is zero.

B QUASI-TRIANGULAR STATE-SPACE
FORM OF POLICY FUNCTIONS WITH
MULTIPLE UNIT ROOTS

[To be continued.]
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